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Why is it necessary to review
Vectors & Matrices ()
» Vectors & Matrices are basic mathematical
objects in linear system theory.
Example:
Suppose for given linear system, We recorded inputs

and outputs over a time interval 1<= t<=N. Its linear
difference equation is:

y(t) = -a,y(t-1)-...-ay(t-n)+b,u(t-1)+... +bu(t-m)

Why is it necessary to review
Vectors & Matrices (lI)

We introduce the vectors:
6 =la,..a,b,..b.]

@(t) =[- y(t-1) ... -y(t-n) u(t-1) ... ut-m) I
y(t) = @T(t)e

Then select an approach so as to fit the calculated
values. One general approach is least squares method,
which will be introduced by Yongshen Pan

Therefore vectors & matrices are basic mathematics for
us to develop a system.




Vector Operation(l)

* Vector: an array of elements, arranged in
a column;

X=X Xg ... X ]T
» Vector Addition :

X+Y = [Xg+yy Xo+Yp o XYl
» Scalar Multiplication:

kx = [ kx; kx, ... kx.]

Vector Operations(ll)
* Inner Product: X7y = X,y +X,y,+... +X.Y,,

« Outer Product: it yields the matrix

X1¥Y1 XqYs ... X4Y)

XoY1 XoYo ... XoYn
Xy'= .. ...

XnY1 XnY2 XnYn




Vector Operaton(lll)

» Vector Derivative

x,(t+ At) x, (¢t)

x,(t+ At) 1 x, (t) 1
............... A | At
x,(t+ At) x, (t)

x, (t+ At) ~ x,(¢t)
. x,(t+ At) -~ x,(t) 1
AE=>00 | e e At
x,(t+ At) - x,(t)

g

Matrix Operation (l)

« Matrix is an mXn rectangular array of
elements in m rows and n columns.

A =[a]
* Maxtrix Addition
A+ B = [a; +;]
Prerequisite: the same number of rows and columns

+ Scalar Multiplication
KA = [kay]




Maxtrix Operation(ll)

» Matrix Multiplcation

AB =C =[g;]
Cj= L ayby

PrereqU|S|te - A and B are conformable, that is the
number of columns of A is equal to the number of rows
of B.

- Vecotor-Matrix Product
y = AX
EauxJ (j=1...n)

Matrix Operation (lll)

» Matrix Derivative and Integral
A(t) = [a}] ( Analogous to Vector Derivative)
* Matrix ldentity Matrix
I=[2;] ¢3=11ifi=] else?;
» Matrix Determinant

D30 S R

=1 =1
J#i Ivtl_/k




Matrix Operation (1V)

* The inverse of a Matrix
A1A = AAT = |
(AB) -1 = B-1A1

all square matrices do not have inverses only those
that are nonsingular have an inverse.

1
A" = ——adid
[a]™

adjA is the adjoint of A

Matrix Operation (V)

* Trace

Trace[A] = Z a,

i=1
Note: only square matrix has trace
Trace[AB] = trace[BA]
- Rank

The rank of matrix A is the dimension of the largest
square matrix contained in A which has a nonzero

determinant.




Matrix Operation (VI)

» Matrix Pseudo inverse

for nonsquare matrices used to describe systems of equations where
the number of equations does not equal the number of unknows

if a matrix A has more rows than column

Af= (ATA) 1 AT

In this situation of linear equations this is the overdetermined case.
The resuiting solution, x = A*y is best in a least-squares sense.

if amatrix A has mofe rows than column

A*=ATAAY) T (g5

This situation is underdetermined case. This solution resuiting from

Pseudo inverse is best in a least-squares sense, the vector x = Aty
is the solution of minimum length.




Probability and Random
Variable

Junging Sun
Sep. 2, 2004

e As the experiment is run repeatedly, the probability
of an event is the theoretical limit of the relative
frequency of the event (the ratio of the number of
times the event occurred to the number of runs), as
the number of runs increases to infinity.

e 0 <Pr(E) =1 (E,i=1,2,...,n: All outcomes of
the experiment. )

.iPr( Ei ) = 1




Unions
Mutually Exclusive Events

P(A + B+C+...) =P(A) + P(B)+ P(C) ...
Non-Mutually Exclusive Events

P(A or B) =P(A) + P(B) - P(A and B)

Intersections
Independent events
P(A B) =P(A) * P(B)
Dependent Events
The occurrence of one event does affect the probability of
the other occurring.

Conditional Probability

The probability of event B occurring that event A has
already occurred is read "the probability of B given A"
and is written: P(B|A)

P(A and B) = P(A) * P(B|A)

Example:
P(A) = 0.20, P(B) = 0.70, P(B|A) = 0.40

A good way to think of P(B|A) is that 40% of A is B. 40% of the
20% which was in event A is 8%, thus the intersection is 0.08.




Example

B B Marginal
A 0.08 0.12 0.20
A 0.62 0.18 0.80
Marginal 0.70 0.30 1.00

AW N

Independence Revisited

The following four statements are equivalent

. A and B are independent events
. P(A and B) = P(A) * P(B)

. P(A|B) = P(A)
. P(B|A) = P(B)




Bayes‘ Theorem

» The Given (D) is made of three parts, the part of D in A, the
part of D in B, and the part of D in C.
P(B and D)

P(B|D)= P(Aand D) +P(Band D) +P(Cand D)

» Inserting the multiplication rule for each of these joint
probabilities gives
P(D | B) * P(B)
PD |A *PA) + PD |B) *P(B) + P(D |C * PO

PB |D) =

Random Variables

Technically, a random variable is a function defined on the
sample space. A statement about a random variable (such as an
equation or inequality) defines an event (namely the set of
outcomes for which the statement is true).

» Examples

1. A coin is tossed ten times. The random variable X is the
number of tails that are noted. X can only take the values
0,1, ..., 10, so X is a discrete random variable.

2. A light bulb is burned until it burns out. The random variable Y
~ isits lifetime in hours. Y can take any positive real value, so Y
is a continuous random variable.




Distribution Function F(x)

Specifying the probability with which different values are
taken by the random variable.

F(x)=Pr(X=x)
Probability Density Funtion
f(x)=dF (x)/dx

f(x) means the density of probability of the event that X
takes a value in the vicinity of x.
. Fx+dy-F(x) . Prx<X<x+dy
fFlim . =lin a

de0 de0 X

If X takes a set of discrete values xi -- with nonzero
probabilities Pi - f(x) is infinite at these values of x, such
as, the outcome of the roll of a die

f(x) = Z PiS(x— xi)




Joint Probability Distribution

+ In case of two, the probability of the occurrence of pairs of
values of a given range:

F(x,y)=Pr(Xx and Yy)

+ Joint Probability Density Function:

9%F,(x,
f2 (Xa Y) = a2x(axy y)

+ The individual probability distribution and density functions
for Xand Y:
Fx) = F, (x, )= ["dc [ f,(x,y)dy
)= [_f,(x)dy
« If Xand Y are independent:

F(x,y)=Pr(Xx and Yy)= Pr(Xx) Pr(Yy)=F(x)F(y)
The joint probability function is, then,

f(x,y)= f(x)f(y)




* Expected Value

* Discrete random variable:
p = B(X) = L xi p(xi)
¢ Continuous random variable:
po=EX) = _I-xﬂx'j X
o Example
* Discrete case : When a die is thrown, each of the possible faces 1, 2,
3,4, 5, 6 (the xi's) has a probability of 1/6 (the p(xi)'s) of showing.
The expected value of the face showing is therefore:
e u=EX)=(1x1/6)+(2x1/6)+(3x 1/6) + (4 x 1/6) + (5 x 1/6) +
(6x1/6)=3.5

* Notice that, in this case, E(X) is 3.5, which is not a possible value
of X.

* Mean squared value

“E[X]= [ ' f(x)dx
The quantity E[X]is also called the second moment of X.
* Variance

* A measure of the 'spread’ of a distribution about its average
value.

VD=0t =E(X - E(X))’ =E(XY - ED?
* Notes
Taking the square root of the variance gives the standard
deviation, i.e.:

SR = o2 =0 =5




EX ,+ X ,+ .. + X, )=EX )+ E X,)+ .. + EKX ,)

» For independent Xi,
X=3 xi

s Then o= 2%

» Covariance
E[(X-E[x])(Y-E[Y])]==E[XY]-E[X]E[Y]
Degree to which one variable is related to another.

Correlation coefficient
_ E[XY)- E[x)E[Y]
= OOy
It is a measure of the degree of linear dependence between X

and Y.
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Characteristic Function

g(t) = E[exp(tX)] = Lexp(jtx)f(x)dx
probability density function can be determined from:
00 = [ exp(-je)g()ds

The moments of x can be generated directly from :

4" g(t)
ar "=°

E[X"]=]
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Normal Distribution
_ 1 1l (x-x 2
0= S [ : () }
We write ST Cpe, 02

The expected value pu.

The variance ise.

Standard Normal Distribution has expected value zero and variance
one and is written as N(0,1).

Examples:

Normal {(Z, 1}
Probabilirty Density Fimcrcion

Hormal (0,2)
Probability Demsity Function

18




Normal Distribution

* The distribution of the sum of normally distributed variables is
also normal, whether they are independent or not.

e Under certain circumstances the distribution of the sum of
independent random variables, each having an arbitrary
distribution, tends toward the normal distribution as the number
of variables in the sum tends toward infinity.

Normal Distribution

The bivariate normal distribution.

2
1 o, 0,0, O,

R ot TR
For n random variables,

falx, Xpenx,) = Wexr{—%(z—my P"(J—m)}

2 2
;‘L{_zp;‘n_iz_+iz_}

With 20 =(xx%..x,)
The quantities m= E[x]
and P=E[(x~m)(x-m)"]
are the mean and covariance of the vector, respectively.

20
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e Poisson Distribution

» Typically, a Poisson random variable is a count of the number of
events that occur in a certain time interval or spatial area.

» For example, the number of cars passing a fixed point in a 5
minute interval, or the number of calls received by a
switchboard during a given period of time.

21

Poisson probability distribution

P(X=x) = m' e
X!

wherex=0,1,2,..,n andm > 0.

The following requirements must be met:
a. the length of the observation period is fixed in advance;
b. the events occur at a constant average rate;

c. the number of events occurring in disjoint intervals are
statistically independent.

22
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Poisson probability distribution

* To Poisson distribution
EX)=m; VX)=m

» The Poisson distribution can sometimes be used to
approximate the Binominal distribution with parameters n and
p. When the number of observations n is large, and the success
probability p is small, the Bi(n,p) distribution approaches the
Poisson distribution with the parameter given by m = np.

23

Examples

Poisson (mears2) Poissan (me=ars=S)
Probaebilicy Densicy Function Praobability Densicy Function
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Binomial Distribution

Typically, a binomial random variable is the
number of successes in a series of trials, for
example, the number of 'heads' occurring when
a coin is tossed 50 times.
probability distribution :

P(X=x) = (3)p* 0-p)"*
where

Binomial Distribution

*The trials must meet the following requirements:

a.the total number of trials is fixed in advance;

b.there are just two outcomes of each trial; success and failure;
c.the outcomes of all the trials are statistically independent;
d.all the trials have the same probability of success.

Expected Value: E(X) =np

and
Variance: V(X) = np(1-p).

26
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Examples

Binomial {re=l0, p=0.5)
Probability Densitvy Function

Binomial (n=10, p=0.25)
Prababilivy Densitcy Fuinmction
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Geometric Distribution

Typically, a Geometric random variable is the number of trials
required to obtain the first failure, for example, the number of
tosses of a coin until the first 'tail' is obtained, or a process
where components from a production line are tested, in turn,
until the first defective item is found.

28
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Geometric distribution :
P(X=x) = p*'(1-p)
where p = success probability; 0 <p <1
E(X)=1/(1-p)
V(X)=p/(l-py’
The trials must meet the following requirements:
a. the total number of trials is potentially infinite;

b. there are just two outcomes of each trial; success and
failure;

c. the outcomes of all the trials are statistically
independent;

d. all the trials have the same probability of success.
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Geometric (succe=ss probability=0.&) Geametric (surccess probakility=0.75)
Frobabilicy Density Function Probability Density Function
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Questions




